Rock-like materials, such as coal and soft rock, often manifest larger deformation features. The prediction values for displacement and failure region based on the commonly used small strain (SS) theory are generally larger than the field test results. Based on the Euler coordinate system, the logarithmic strain (LS) is employed to describe the actual deformation behavior. Both of the stresses and displacement of circular opening in elasto-brittle-plastic rock mass are formulated with differential equations. And a simple approach is proposed to solve the differential equations. The results show that the plastic radius depends on the elastic parameters, that is, Young's modulus and Poisson's ratio, which is different from SS theory. And the plastic radius and displacement of LS rock mass are smaller than those of SS rock mass, and the displacement of LS rock mass is absolutely smaller than the excavation radius. The proposed solutions can provide theoretical foundation for the optimization of supporting structure in underground engineering.
Introduction
Large deformation usually occurs in the deep underground engineering, and this often leads to stability problems. Considering the two basic factors of intrinsic material characters and stress environment condition, the main reasons for large deformation are as follows. (1) Surrounding rock mass is usually weakened, especially soft rock. And the creep displacement is usually significant with tens of millimeters every day. When the supporting intensity is not strong enough, the displacement even reaches tens of centimeters. The evidences are generally shown in forms of bottom cleaning and multirebuilding of surrounding rock. Although large deformation occurs, the surrounding rock still remains intact. (2) With the increasing depth of coal mine, the surrounding rock may fracture when the depth reaches a certain value, even though the surrounding rock has the same properties. Moreover, the lining structure may also fracture, which may cause instability problems. The main reason is the increasing in suit pressure, such as Liuhai coal mine, Huainan and Tiefa coal district. In this area, special enhanced lining structure is needed to avoid large deformation and to keep the surrounding rock stable.
Under this situation, rock mechanics problem of underground engineering becomes such an important research field to ensure the stability [1] .
In recent years, lots of tests and engineering experiments have been carried out. The lining and reinforcement technology of the surrounding rock in high in situ pressure has been developed significantly. High-strength bolt (cable) and grouting technology can efficiently and effectively prevent the displacement and failure behavior of surrounding rock [2] [3] [4] [5] [6] . Unfortunately, the classical elastic-plastic theory is developed based on small strain (SS) theory, which cannot well reflect the actual large deformation condition [7] [8] [9] [10] [11] . So far, the deformation and failure mechanics, together with the behavior of reinforced surrounding rock, have not been revealed theoretically, which leads to the fact that the generally used numerical method cannot precisely predict the stress and displacement distribution law. Moreover, when Young's modulus is significantly small, the calculated displacement may be larger than the excavation radius, which is in conflict with the real condition. In view of this fact, logarithmic strain is employed to predict the tunnel contraction displacement with similarity methods for perfect elastoplastic rock mass [12] [13] [14] . Unfortunately, the rock-like material generally manifests brittle failure behavior once its peak strength is reached.
In fact, the deformation theory can be classified as Lagrange and Euler space based on the definition of strain. For larger deformation condition, the particle moves with displacement, and this can be well described by the logarithmic strain (LS). Moreover, its description formulation is relatively simple and has a wide usage in solid mechanics [15, 16] . However, it is rarely used in stress and displacement analysis for geotechnical engineering. According to the long circular openings subject to hydrostatic pressure, this paper mainly analyzed the stress and deformation characteristics based on LS theory. Figure 1 shows a long circular opening with radius 0 excavated in a homogeneous, isotropic rock mass. The initial stress is subject to a hydrostatic stress 0 . Once the opening is excavated, a convergence displacement of the surrounding rock would occur immediately. Then the uniformed supporting pressure 0 , which is provided by the lining structure, would act on the surrounding rock to keep its stability. Both the displacement and stress are gradually adjusted until a new balance state is reached with the final radius 0 .
Basic Theory and Equations
In polar coordinates, the position of material point is ( , ) in the original coordinate space before opening is excavated. After the opening is excavated, its position would be changed to ( , ) with a radial displacement in the new deformation space. If the contraction displacement is defined as positive, the relation between the original and new position can be related as
For geotechnical engineering, large deformation generally occurs before macro failure happens, especially of the soft rock mass. In this condition, the small deformation theory cannot well describe the deformation behavior when the deformation is large. However, the Logarithmic strain, which is established on the real deformation, can well reflect the nonlinear large deformation [17] . And its geometric equation can be expressed as
where and are the radial and tangential strain, respectively.
Once the displacement occurs, material point would finally reach another balance state. In this new coordinate, the equilibrium differential equation for axisymmetric problems can be expressed as (without considering the body force of rock mass)
The difficulty of the plastic problem is induced by the plastic deformation. And the plastic deformation occurs once the stresses satisfy the yield criterion. The linear MohrCoulomb criterion is usually employed to describe the critical elastic state, and for the intact rock mass, it can be formulated as = + for intact rock mass,
= + for post-failure rock mass,
where = (1 + sin )/(1 − sin ), = 2 cos /(1 − sin ), = (1 + sin )/(1 − sin ), = 2 cos /(1 − sin ), and are the friction angle and cohesion of the intact rock mass, and and are the friction angle and cohesion of the postfailure rock mass.
For the plastic rock mass, the plastic strain is governed by the plastic potential function. And the Mohr-Coulomb function is usually employed for the rock-like material. In regard to the circular opening, it can be formed as
where = (1 + sin )/(1 − sin ) and is the dilation angle of the postfailure rock mass. For a long opening, it can be regarded as the plane strain problem without axial displacement. The elastic rock mass obeys the generalized Hooke's law; meanwhile, the total strain of the plastic rock mass is composed of the elastic component and plastic component. Based on the plastic potential theory, the plastic strain depends on the plastic potential function of (5) . In this way, the total strain induced by excavation can be uniformly expressed as
where and are the radial and tangential stresses, respectively, = /[2(1 + V)] is the shear modulus, and and V are Young's modulus and Poisson's ratio, respectively. is the plastic multiplier, and = 0 for the elastic rock mass.
The boundary conditions of this problem can be described as
where and are the radial stress for elastic and plastic rock mass, respectively.
For SS model, the stresses, displacement, and plastic radius for both plastic and elastic rock mass can be easily obtained (the subscript " " denotes the small strain model), as shown in
where and are the radial and tangent stress, respectively, is the displacement, and is the plastic radius;
Analytical Solutions

Stress and Displacement of the Elastic Rock Mass.
The strains and are all functions of displacement, as shown in (2) . By submitting (1) into (2), the compatibility equation of deformation can be obtained as
By submitting (2) into (6), the radial and tangent stress component can be formulated as
By submitting (10) into (9), the compatibility equation can be expressed by stress as
Using the relation between original and new coordinates of (1) and geometric equation of (2), the equilibrium differential equation of (3) can be rewritten in the original space as
Then by submitting the radial and tangent stress of (10) into the equilibrium differential equation of (12), the equilibrium differential equation can be expressed by stress component as
As we all know, the stress is independent from Young's modulus and Poisson's ratio V for SS model. However, (13) denotes that the elastic parameters influence the rock mass stress distribution form, and this is the main difference from the solutions based on the classic SS theory.
The displacement of rock mass can be calculated by submitting tangent strain of (6) into tangent geometric equation of (2) . Then using the relation between the original and new coordinates system of (1), the displacement of elastic rock mass can be determined by
Stress and Displacement of the Plastic Rock Mass.
In the postfailure region, the plastic rock mass satisfies the yield criterion of (4b). Similar to the elastic rock mass, the equilibrium differential equation of the plastic rock mass can be obtained by substituting (1), (2), (4b), and (10) into (3), as shown in
The plastic strain should also satisfy the compatibility equation of deformation. By using the constitutive equation of (6), yield criterion of (4b), and geometric equation of (2), the compatibility equation of plastic rock mass can also be expressed in a differential form as
By using the geometric equation, the displacement of plastic rock mass can be easily obtained as
Calculation for Stress and Displacement.
So far, all of the expressions of stresses and displacement have been derived. Theoretically speaking, the plastic radius can be obtained by using the peak yield criterion. Unfortunately, the stresses are all expressed in a differential form. In order to obtain the solutions, a simple numerical procedure is compiled to solve the differential equations.
The boundary conditions of (7) show that the displacement at = should be continuous. Moreover, the elastic stress of the elastic rock mass at the elastoplastic boundary should satisfy the peak yield criterion. So, using the displacement of elastic and plastic rock mass, the plastic strain at = can be determined as
where is the radial stress at = .
For the elastic rock mass, the stress can be theoretically obtained with Runge-Kutta method with the boundary conditions of (7) by combining the differential equations of (11) and (13) . However, the boundary conditions are only formulated by radial stress at = and → ∞, and the plastic radius is still unknown. Based on Saint-Venant's principle, tends to be 0 when radius is large enough. In this paper, a significantly large radius = 1000 0 is employed to represent the undisturbed rock mass. In order to obtain the solutions, the values of plastic radius and stress state ( 0 , ) at = 1000 0 are given. Then, the stresses can be recursively calculated from 1000 0 to by (11) and (13) . If the calculated stress at = satisfies the peak yield criterion of (4a), the solutions would be correct. Otherwise, the tangent stress at = 1000 0 is updated with dichotomy, and the above steps are repeated. Similarly, the stresses and plastic strain can be obtained by substituting the initial value of radial stress and plastic strain at = , which are provided by the elastic solutions and (18), respectively, into (15) and (16) . If the calculated radial stress at = 0 equals the actual value 0 , the assumed plastic radius would be corrected, or the radius can be updated with dichotomy. The displacement can be obtained by substituting the stresses and plastic components into (14) and (17) for elastic and plastic rock mass, respectively. A detailed flowchart of the implementation is shown in Figure 2. 
Examples
Verifications for Perfect Elastoplastic Rock Mass.
The large strain problems for the perfect elastoplastic rock mass have been studied by Park and Vrakas. One group of these data is employed in this section to validate the proposed solution. Moreover, the numerical solutions are also calculated using finite differential method by FLAC3D. The calculated results are shown in Figure 3 . When the dilation angle = 20 ∘ , the calculated dimensionless displacements 0 / 0 are 0.0548, 0.0551, and 0.0551 for FDM, similarity, and this paper, respectively. And when the dilation angle = 40 ∘ , the calculated dimensionless displacements based on the above three methods are 0.0619, 0.0622, and 0.0622, respectively. So, the results of the proposed method are in agreement with both of the similarity solution and numerical results by FLAC3D.
Example for Elastic Rock Mass.
A circular opening of radius 0 = 1.0 excavated in elastic rock mass subject to a hydrostatic pressure 0 = 1.0 MPa is studied. A wide range of Young's modulus = 0.2 0 ∼10.0 0 and Poisson's ratio V = 0.001∼0.499 is considered. Figures 4 and 5 show the influence of Young's modulus and Poisson's ratio on the concentration factor ( / 0 ) and dimensionless displacement, respectively. Obviously, the concentration factor of LS rock mass is smaller than that of SS rock mass, whose concentration factor is a constant value of 2.0. With the decrease of Young's modulus and the increase of Poisson's ratio, the concentration factor gradually decreases. And the limit concentration factor is 2.0 Start Input data of geometry and material parameters Calculate radial and tangent stress by Eqs. (11) and (13) Yes Calculate radial stress and plastic strain by Eqs. (15) and (16) when Young's modulus is larger enough. In this case, the minimum concentration factor is 0.694, which is only 34.7% of SS rock mass. Young's modulus and Poisson's ratio have almost the same effect on the dimensionless displacement as concentration factor. The dimensionless displacement 0 /( 0 0 ) of the excavation surface reaches its maximum value of 0.924 0 when = 0.2 0 and V = 0.499. Similarly, for the SS rock mass, the dimensionless displacement linearly increases with −1 . In this case, the maximum displacement reaches 2.998 0 , which is larger than the excavation radius, when = 0.2 0 and V = 0.499. In fact, this condition would never occur. This also indicates that the SS would lead to significant error results, especially for the soft rock mass.
Example for Elasto-Brittle-Plastic Rock Mass.
The typical examples for kinds of Mohr-Coulomb rock mass, whose material properties are listed in Table 1 [18, 19] , are analyzed to illustrate the difference between SS and LS plastic rock mass. And two sets of dilation angle = 0 ∘ and 30 ∘ are considered. Table 2 shows the calculated plastic radius and dimensionless displacement for both SS and LS rock mass. The results show that the plastic region and displacement of LS are not larger than SS. For the LS rock mass, a slight decrease of plastic radius occurs when the dilation angle changes from 0 ∘ to 30 ∘ for the soft rock mass. However, the dilation angle does not have influence on the plastic radius for SS rock mass, whose plastic radius only depends on the mechanical properties and hydrostatic pressure. For the hard rock mass, the solutions of SS and LS are similar. However, for the soft rock mass, the plastic radius and displacement of LS are smaller than SS. This also indicates that the SS model is only suitable for hard rock, whose displacement is smaller enough. And the prediction displacement and plastic radius would be larger than real condition for soft rock. A series of Young's modulus and Poisson's ratio is employed to illustrate their influence on stresses and dimensionless displacement. The calculated results are shown in Table 3 and Figures 6-8 . The results denote that both of the plastic radius and dimensionless displacement at = 0 gradually increase with the decreasing of Young's modulus for LS rock mass. When Young's modulus changes from 5000 0 to 0 , the dimensionless plastic radius / 0 and displacement 0 /( 0 0 ) increase by 0.136 0 (13.54%) and 0.998 (175.17%), respectively. When Poisson's ratio changes from 0.001 to 0.499, only a slight increase of 0.403 0 of dimensionless displacement 0 /( 0 0 ) occurs. However, for the SS rock mass, Young's modulus does not have any influence on the dimensionless plastic radius and displacement, and the increasing Poisson's ratio only enlarges the displacement slightly. Therefore, Young's modulus has a more significant influence on plastic radius and displacement for LS rock mass, especially for soft rock mass. The common calculated plastic radius and displacement based on SS theory are generally larger than the actual field test results, and the difference becomes much bigger for the soft rock mass. However, the plastic radius and dimensionless displacement of the proposed solutions depend on Young's modulus, and they all significantly increase with the decreasing Young's modulus. And the dimensionless displacement increases with the increasing Poisson's ratio. Moreover, the displacement would be less than the excavation radius under any condition. Therefore, the LS theory is much more reasonable for the rock-like material, especially for soft rock mass.
Conclusions
Based on the logarithmic strain theory, the differential equations for stress and displacement of circular opening excavated in elasto-brittle-plastic rock mass are deduced, and a simple approach is proposed to solve the differential equations. The calculated plastic radius and displacement of LS rock mass are smaller than those of SS rock mass. For the LS rock mas, the concentration factor significantly increases, especially for the soft rock mass, with the decrease of Young's modulus and the increase of Poisson's ratio. And the limit value of concentration factor of LS rock mass is 2.0. Both of the plastic radius and dimensionless displacement are dependent on Young's modulus and Poisson's ratio. With the decrease of Young's modulus and the increase of Poisson's ratio, the plastic radius and dimensionless displacement increase. But Young's modulus does not have any influence on the plastic radius and dimensionless displacement for the SS rock mass. For most of the underground engineering, the calculated plastic radius based on SS theory is larger than the actual test value. And the displacement may be larger than the excavation radius, which does not satisfy the real condition. In this way, the proposed method can better predict the failure and deformation characters for soft and fracture rock mass.
